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Abstract
Immunoassays rely on highly specific reactions between antibodies and antigens
and are used in biomedical diagnostics applications to detect biomarkers for a variety
of diseases. Antibody immobilization to solid interfaces through random adsorption
is a widely used technique but has the disadvantage of severely reducing the antigen
binding activity and, consequently, the assay performance. This paper proposes a
simple mathematical framework, based on the theory known as competitive random
sequential adsorption (CRSA), for describing how the activity of immobilized anti-
bodies depends on their orientation and packing density and generalizes a previous
model by introducing the antibody aspect ratio as an additional parameter which
could influence the assay behaviour.
1 Introduction
Antibodies and antigens are extensively used as biomarkers for a wide variety of im-
munodiagnostic applications such as pregnancy testing or cancer diagnostics. Many
of these technologies rely on the immobilization of antibodies on solid support inter-
faces, through strategies such as physical adsorption or covalent cross-linking, which
result in a random particle distribution and considerably reduced antigen-binding
activity. This phenomenon, generally attributed to shielding of antibody active sites
and molecule denaturation upon contact with the solid surface, has been widely re-
searched and described in the experimental literature, [8], [11], [12]. Of additional
interest is the relationship between antigen-capturing activity and antibody surface
density, with many papers reporting that crowding of antibodies has a detrimental
effect on assay signal, [8], [12], [10]. Therefore, one of the primary considerations in
immunoassay design is optimizing the concentration of capture antibody in order to
achieve maximal antigen binding and, subsequently, improved sensitivity and limit
of detection.
Antibodies are large Y-shaped proteins composed of two regions: a fragment
crystallizable (Fc) region at the base (responsible for recruiting components of the
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immune system) and a fragment antigen binding (Fab) region at the top (see Fig-
ure 1). Each arm of the Fab region contains a hypervariable region at its tip, called
a paratope, which is capable of binding strongly to one epitope on an antigen. The
immobilized antibody orientation is usually described in the immunoassay literature
(see, for example, [11], [12]) by one of the following positions: “end on” (the ideal
position, with the active Fab region pointing towards the solution), “head on” (or
Fab down), “flat on” and “side on” (both of which correspond, in our 1-dimensional
model, to a side orientation, as shown in Figure 1).
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Figure 1: Antibody structure and immobilization orientations. Our model assumes that an
immobilized particle covers a length of either 1 or m on the 1-dimensional substrate.
The theory known as random sequential adsorption (RSA) has been successfully
used over the past few decades to describe monolayer particle deposition, with wide
applications in many physical and biological settings ([1], [4], [6]). In the standard
description, uniform particles are transported to a surface at a constant rate and
irreversibly deposited. The adsorption site is chosen randomly but, if the particle
overlaps an already deposited one, it is rejected. The process is continued until
the jamming limit is reached, that is no spaces are left on the substrate. In one
dimension, this process is commonly referred to as “the car parking problem” (or
interval filling) and the jamming coverage, also known as the Re´nyi constant, has
been calculated in [5] to be CR ≈ 0.74756. A generalization known as competitive
RSA (see, for example, [3]) deals with mixtures of particles having different sizes and
adsorption probabilities.
We have recently presented a new mathematical model for quantifying the activ-
ity of antibodies immobilized on a solid surface, based on the RSA framework, [7].
In this model, the antibodies (or any other active molecules) were represented by ori-
ented circles whose diameters cover a 1-dimensional substrate in the same manner as
intervals fill a line in the standard car parking problem. A simple procedure was de-
veloped for estimating the percentage of antibodies which are correctly oriented (Fab
site accessible to antigens in solution) out of total antibody coverage. Of particular
interest is identifying parameter ranges for which the activity (and consequently the
assay signal) increases with antibody concentration and then sharply decreases (the
so-called “hook effect”, see [8], [10]) which indicates the existence of a well-defined
optimal surface coverage.
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The current paper generalizes our previous model to address the more realistic
case where different immobilization configurations occupy intervals of different sizes
in the above description. More specifically, the antibody width is assumed larger
that its height and so the side-on and head-on orientations can be thought of as two
competing adsorption strategies and described within the more general competitive
RSA theory ([3]). The antibody aspect ratio is introduced in the analysis as another
parameter which might influence the biosensor functionality.
2 A model for estimating surface antibody
activity
The binary mixture RSA model described in [3] assumes that two particles of sizes
1 and m (m > 1) are selected with probabilities q and p = 1 − q, respectively, to be
deposited randomly on a one dimensional substrate of length L. The function N(x, t)
is defined to be the gap length density function at time t (so N(x, t)dx represents
the mean number of gaps with length between x and x + dx) and we let P (x, t) =
N(x, t)/L. As L→∞, the time evolution of the gap size density is described by the
following kinetic model
∂P (x, t)
∂t
=


−(x− σ)P (x, t) + 2q
∫
∞
x+1 P (y, t) dy + 2p
∫
∞
x+m P (y, t) dy, m < x <∞
−q(x− 1)P (x, t) + 2q
∫
∞
x+1 P (y, t) dy + 2p
∫
∞
x+m P (y, t) dy, 1 < x ≤ m
2q
∫
∞
x+1 P (y, t) dy + 2p
∫
∞
x+m P (y, t) dy, 0 < x ≤ 1,
(1)
where the terms in all equations represent rates at which gaps of length x can be
created or destroyed, while σ = mp+q denotes the average size of incoming molecules.
(The kinetic equations for P (x, t) in the single particle case were described in [4].)
Using the initial conditions P (x, 0) = 0 and limt→0
∫
∞
0 xP (x, t) dx = 1 an analytical
solution can be found, provided 1 ≤ m ≤ 2, as follows:
P (x, t) =


t2 F (t) e−(x−σ)t, m < x <∞
2 e−q(x−1)t
∫ t
0 F (s)s
[
qe(mp−1)s + pe−qms
]
e−xps ds, 1 < x ≤ m
2
∫ t
0 s F (s) e
σs
[
qe−(x+1)s + pe−(x+m)s
]
ds, m− 1 < x ≤ 1
4q
∫ t
0 e
qu
∫ u
0 sF (s)
qe(mp−1)s+pe−qms
qu+ps ×
×
[
e−(qu+ps)(x+1) − e−(qu+ps)m
]
ds du
+2
∫ t
0 uF (u)
[
qe(σ−m)u + pe(σ−x−m)u
]
du, 0 < x ≤ m− 1
(2)
where
F (t) = exp
[
−2
∫ t
0
q(1− e−u) + p(1− e−mu)
u
du
]
. (3)
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The total coverage, θT (t) = θS(t) + θL(t), is comprised of the coverage by small
particles, θS(t), and that of the large particles, θL(t), which are calculated in [3] as
θS(t) = 2
∫ t
0
sF (s)e−σs
[
p+ qe(m−1)s
]
×
[
e−(m−1)(ps+qt) − 1
ps+ qt
−
e−(m−1)s − 1
s
]
ds
+ q
∫ t
0
F (s)
[
1 + (m− 1)s
]
e−(m−1)qs ds, (4)
θL(t) = pm
∫ t
0
F (s)e−(m−1)qs ds.
Note that the jamming coverage θT (∞) in the binary case (which depends on m and
q) exceeds the Renyi number for the one particle RSA theory and satisfies
0.7475.. = CR ≤ θT (∞) ≤ CR + CR (1− CR) = 0.937...
where the extreme values are obtained for q = 0 and m→∞, q → 0, respectively.
We assume for simplicity that, in our 1-dimensional description, antibodies can
only adsorb in one of the four positions shown in Figure 1 (Fab site pointing up,
down, left or right) and can only cover two possible lengths on the substrate (1 or
m). We also assume that the probability of an up/down orientation (corresponding
to the short side) is q while the probability of a left/right (long side) adsorption is
p = 1− q. Similar to the model presented in [7], a particle is defined to be active if,
either its binding site (Fab region) is pointing up, or else pointing left or right and a
gap of length at least δ exists between the binding site and the neighbouring adsorbed
molecule, where δ ≤ 1 depends on the size of the oncoming reactant molecules.
We now write the gap density function as
P (x, t) = PL(x, t) + PS(x, t),
where PL and PS denote the density of gaps with a large particle (or small particle,
respectively) on the left. We similarly expand PL as
PL(x, t) = PLL(x, t) + PLS(x, t),
where PLL, PLS denote the gaps with a large particle on the left and a large (or
small, respectively) particle on the right. The total number of active molecules at
any given time, Nactive, is then calculated by adding all “up” particles, all “left”
particles with enough space on their left (which is obtained by multiplying the per-
centage of particles pointing left by the total number of gaps ≥ δ) and all “right”
particles with enough space on their right (obtained in the same way as the left case).
The “down” particles are assumed inactive. Moreover, if two adjacent particles are
pointing towards the gap between them and this gap is not large enough to fit two
antigens then only one of the immobilized particles is considered active. We can then
write
Nactive
L
=
1
2
θS +
∫
∞
δ
PL(x, t) dx −
1
4
∫ 2δ
δ
PLL(x, t) dx. (5)
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The density PL can be calculated using the same approach as that described in the
previous section for P (x, t). For example, when x > m, this function satisfies the
integro-differential equation
∂PL
∂t
= −(x−σ)PL(x, t)+ q
∫
∞
x+1
PL(y, t) dy+ p
∫
∞
x+m
PL(y, t) dy+ ptF (t)e
−(x+m−σ)t,
with similar equations for other x ranges. This can be solved to give
PL(x, t) =


t FL(t) e
−(x−σ)t, m < x <∞,
e−q(x−1)t
∫ t
0 G(m− 1, s)e
−(xp+qm)s ds, 1 < x ≤ m,∫ t
0 e
−(x+m−σ)sG(m− 1, s) ds, m− 1 < x ≤ 1,
q
∫ t
0 e
−(m−1)qu
∫ u
0
e−ms
qu+ps G(m− 1, s)×
×
[
e−(x−m+1)(qu+ps) − 1
]
ds du
+
∫ t
0 G(x, u)e
−(x+m−σ)u du, 0 < x ≤ m− 1,
(6)
where
FL(t) = pF
1/2(t)
∫ t
0
F 1/2(s)e−ms ds, G(z, t) = qFL(t)e
zt + pFL(t) + ptF (t)
and F (t) is defined in (3). This procedure is repeated once more and, finally, we find
PLL(x, t) =


2pe−(x−σ)t
∫ t
0 FL(s)e
−ms ds, m < x <∞,
2pe−q(x−1)t
∫ t
0 FL(s)e
−s(px+qm) ds 1 < x ≤ m,
2p
∫ t
0 FL(s)e
(σ−x−m)s ds, 0 < x ≤ 1.
(7)
The derivation of Nactive is greatly simplified if we assume that the gap distribution
is independent of the particle size and hence the densities PL and PS are proportional
to the number ratios of large and small particles, that is
PL(x, t) = αL(t)P (x, t), Ps(x, t) = αS(t)P (x, t),
where
αL(t) =
θL(t)
θL(t) +mθS(t)
, αS(t) =
mθS(t)
θL(t) +mθS(t)
.
With this assumption, the number of active particles can be calculated as
Nactive
L
=
1
2
θS + αL
∫
∞
δ
P (x, t) dx−
1
4
α2L
∫ 2δ
δ
P (x, t) dx, (8)
which only uses the total gap distribution function P (x, t) given in (2).
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3 Results and conclusions
The number of active particles is evaluated from (5) or (8), using the previously calcu-
lated density functions PL(x, t), PLL(x, t) or P (x, t). (Note that the two approaches
to calculating Nactive give identical results.) The active particle concentration is then
plotted as a function of the total concentration of immobilized antibodies, given by
θS +
θL
m , in Figure 2. We consider the cases of large antigen particles (δ = 1, so the
antigen size is equal to that of the antibody) and small antigen particles (δ = 0.1),
each of these relevant to various biosensing applications. As expected, the antibody
activity is consistently higher for small antigens, due to improved lateral accessibility
(for side-lying particles). Recall that the total antibody coverage (and, hence, con-
centration), calculated as θT = θS + θL from (4), varies with the parameters m (the
aspect ratio) and q (the probability of upright orientation).
The two groups of curves in each figure correspond to q = 0.1 (side orientation
prevails) and q = 0.8 (most antibodies adsorb in the up/down positions). Within each
group, the three curves (distinguished by different line styles) correspond to m = 1,
m = 1.5 and m = 2. (The case m = 1 has already been discussed in [7]). The side
orientation is generally associated with the hook effect (high activity and antigen-
binding rate at low antibody coverage, which then decrease at higher concentrations),
which is consistent with results reported in the experimental literature, [8], [12], [13],
and explained by increased steric hindrance to antigen access.
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Figure 2: Active antibody concentration, Nactive/L, as a function of total antibody concen-
tration, θS + (θT /m), for small (δ = 0.1) and large (δ = 1) antigen particles.
The aim of the current paper was to assess the effect of the antibody aspect ratio,
m, on the immunoassay behaviour. It can be seen from Figure 2 that m strongly
influences activity when the side orientation predominates but has relatively little
importance when antibodies are adsorbed in the up/down configurations. In the
latter case, it would be acceptable to approximate the particle aspect ratio by m = 1
and use our much simpler model in [7] to simulate the immobilized antibody activity.
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By contrast, when q is small, it is seen that higher values of m correspond to lower
activity and so “circular” particles seem to be the most efficient.
As discussed in [7], many qualitative features of this modelling framework repro-
duce immunoassay properties reported in the experimental literature and support
the conclusion of [9] that optimal performance is determined by the interplay of
factors such as immobilized antibody density, relative size of antigens and method
of immobilization. Therefore, a theoretical study of the relationship between these
parameters should lead to improved design and functionality of such devices.
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